The origin of the low luminosity radio emission in radio-quiet AGN, is unknown. The detection of a positive correlation between the radio and X-ray emission would imply a jet-like origin, similar to that seen in 'hard state' X-ray binary systems. In our previous work, we found no believable radio variability in the well known X-ray bright Seyfert 1 galaxy NGC 4051, despite large amplitude X-ray variability. In this study we have carefully re-analysed radio and X-ray observations using the same methods as our previous work, we again find no evidence for core radio variability. In direct contrast to our findings, another study claim significant radio variability and a distinctive anti-correlation between radio and X-ray data for the same source. The other study report only integral flux values and do not consider the effect of the changing array on the synthesised beam. In both our studies of NGC 4051 we have taken great care to account for the effect that the changing beam size has on the measured radio flux and as a result we are confident that our method gives more accurate values for the intrinsic core radio flux. However, the lack of radio variability we find is hard to reconcile because radio images of NGC 4051 do show jet-like structure. We suggest that the radio structures observed are likely the result of a previous period of higher radio activity and that the current level of radio emission from a compact nuclear jet is low.
INTRODUCTION
The origin of nuclear radio emission in the so-called 'radio quiet' AGN, particularly Seyfert galaxies, is still far from clear. The main possibilities include emission from jets emanating from the central black hole, emission from a central starburst or emission from some sort of corona or wind (e.g. Laor & Behar 2008) . Extended (on the order of a few hundred parsec-scale) jet-like structure is seen in the nuclei of some Seyfert galaxies (e.g. Ulvestad et al. 2005) . However, such structure may be the relic of previous activity and does not necessarily mean that a jet is currently active, i.e. that particles and energy are currently being pumped in at the base of the jet. All the relevant radio emission processes should produce a compact nuclear source. In some cases (e.g. Kharb et al. 2014; Bontempi et al. 2012 ) VLBI observations reveal sufficiently high brightness temperatures, cou-⋆ E-mail: sadie.jones@soton.ac.uk (SJ) pled with flat or inverted spectra, such that a jet is the only likely explanation. However, in many cases the brightness temperatures, even in VLBI observations, are not high enough to rule out non-jet origins for the radio emission and other diagnostics are necessary.
The Seyfert 1 galaxy NGC 4051 is a case of particular interest. The X-ray power spectral density (PSD) of this galaxy is very similar to that of the X-ray binary (XRB) Cygnus X-1 when it is in a 'soft' X-ray spectral state (McHardy et al. 2005) . XRBs are found in a variety of states with the two most common being the 'hard' and 'soft' states. These states have been defined historically by their medium energy (2-10 keV) X-ray spectra with the hard state having a higher proportion of high energy photons than the soft state. The X-ray PSD shapes of these two states are also quite different with the soft state only showing one break from a low frequency slope of approximately −1 to a high frequency slope of −2. This break is also seen in hard state XRBs where a second break to a slope of 0 is also c 0000 RAS seen at lower frequencies. For a detailed discussion of these X-ray states see McClintock & Remillard (2006) . Another major observational difference between the hard and soft states of XRBs is that an active radio source is not usually found in the soft state XRBs. In these 'soft' XRBs the jet appears to be 'quenched' by the inner disc (Russell et al. 2011; Tananbaum et al. 1972) . The jets that are observed in the soft state (or in an intermediate state) XRBs are thought to be the result of 'relic' extended emission from jets produced in a previous hard state (Rushton et al. 2012; Kalemci et al. 2011) . Therefore, if an active radio source is found in NGC 4051, as opposed to a quenched jet, this would cast doubt on the currently accepted paradigm that Seyfert galaxies are the galaxy-scale analogues of 'soft state' XRBs.
For the hard state XRBs (which have an active jet) there is a strong correlation between the X-ray and radio fluxes (e.g. Hannikainen et al. 2000; Corbel et al. 2003) , therefore, the detection of such a correlation in Seyfert 1 AGN NGC 4051 would indicate an active jet in that source.
There have been two previous papers dealing with radio and X-ray observations of NGC 4051. In Jones et al. (2011) , hereafter referred to as Paper I, we presented 29 radio observations of NGC 4051 over the course of 16 months with the Karl G. Jansky Very Large Array (hereafter referred to as the VLA). This radio data was presented together with observations, every 2 days in X-rays with the Rossi X-ray Timing Explorer (RXTE). The radio observations were made in all four VLA configurations (A, B, C and D) including some of the combined array configurations (DnC, BnA and BnC). We analysed each of these radio observations very carefully in order to remove contamination from unresolved extended emission whose contribution is different in each configuration due to the different size of the synthesised beam in each configuration.
In Paper I we found a faint flat spectrum radio core within the VLA A configuration with ≈ 0.5 mJy peak flux density at 8.4 GHz. We assume that A configuration provides the highest angular resolution and hence the least contamination from unresolved extended emission. In fact, if we use the peak flux density value for the core at 1.65 GHz as measured in Chapter 4 of , F1.65 GHz = 0.24 ± 0.03 mJy, and assume the spectral index value for a flat spectrum source, α = −0.7 in the relationship S ∝ ν α . Then we calculate a flux at 8.4 GHz for the core, using the VLBI, at F8.4 GHz ≈ 0.08 mJy. Therefore, since our 8.4 GHz VLA A configuration peak flux is ≈ 0.4 mJy brighter than the predicted VLBI value there may still be substantial unresolved extended emission. For the A configuration data points we found a very weak suggestion of positive X-ray/radio correlation and a very weak radio variation (of the order of 0.1 mJy). However, we only have 6 A configuration data points in this work so this data alone is not sufficient data to draw any strong conclusions. From the full 16 month data set of 8.4 GHz data in all configurations (offset to A configuration) we could find no evidence of believable radio variability, despite the very large amplitude X-ray variability for the same time period. It should also be noted that the low amplitude intrinsic variability is more difficult to distinguish in the lower resolution/more compact B, C, D, DnC, BnA and BnC configurations. Also during these configurations the emission on the scale of the synthesised beam is dominated by the extended emission.
In a separate paper King et al. (2011) , hereafter referred to as K11, investigate the radio emission from NGC 4051 using 6 VLA 8.4 GHz radio observations from 4 different array configurations (A, B, BnC and C). K11 did not attempt to model the variation of the radio flux with changing array configuration and they do not take into account the contribution of the extended emission to the measured flux within the synthesised beam. Their X-ray data was from Chandra. K11 find an anti-correlation between the X-ray and radio fluxes for NGC 4051 (see top two panels in Figure 2 for the X-ray and radio measurements of K11).
Any interpretation of the origin of the radio emission in NGC 4051 requires that we understand whether there is any correlation, positive or negative or neither, between the X-ray and radio emission. This paper is an effort to determine if there is an intrinsic correlation using a larger dataset. In Section 2 we present all the radio and X-ray datasets. In Section 3 we re-analyse all of the 8.4 GHz VLA observations of NGC 4051 from our earlier work (Paper I) and in that of King et al. (2011) . We systematically take account of the contribution of extended emission in the various array configurations to produce an 8.4 GHz lightcurve which is offset to A configuration and investigate any possible variability. In Section 4 we compare the resulting radio lightcurve, offset to A configuration, with the RXTE X-ray lightcurve. In this last section, using a larger dataset, we confirm the result of Paper I, i.e. that there is no believable long timescale (year long) radio variability found in NGC 4051 and no correlation between the X-ray and radio variability. The possible weak positive correlation on short (week long) timescales reported in Paper I is detected again in this work, but the radio observations are also consistent with being constant. In Section 5 we state our conclusions and consider the implications of our results for the origin of the radio emission in NGC 4051.
RADIO OBSERVATIONS

8.4 GHz VLA Observations
Compact radio jets are associated with a flat radio spectrum whereas the surrounding (often extended) radio emission has a steeper spectrum. Given that higher frequency observations also provide better spatial resolution, high frequency observations (8.4 GHz) are preferred (over 4.8 GHz) for investigating jet emission in this study. The 8.4 GHz data also provides the best compromise between angular resolution and sensitivity.
NGC 4051 was observed 37 times by the VLA at 8.4 GHz between 1991 and 2009 (see Table 1 ). These 37 observations are made up of 3 data sets referred to as the 1991, 2000/01 and 2008/09 datasets. The 2000/01 data were previously discussed in Paper I and the 2008/9 data were first presented in K11.
The 1991 dataset is combined with the 2000/01 and 2008/09 datasets to investigate the long time scale variations of the nuclear flux density of NGC 4051 during A configuration. The 1991 dataset was taken between the 24th June and 1st September 1991. The flux calibrator used was 3C286(1331+305) and the phase calibrator was FIRST J114915.3+393325. The phase calibrator was observed in be-tween each observation of NGC 4051, for ≈ 2 minutes on 3 occasions.
The 2000/01 radio data is presented in Table 1 and the reduction of this dataset was discussed previously in Section 2 of Paper I.
For the 2000/09 dataset NGC 4051 was observed a total of 6 times between 31st December 2008 (JD 245 4831.3) and 31st July 2009 (JD 245 5043.1) with a typical interval between observations of 10 weeks (compared with every 2 weeks for the 2000/01 data presented previously in Paper I). Observations were carried out in 2IF mode with 50 MHz bandwidth at both frequencies. During the observations the antennae switch from the source to the phase calibrator (12214+44114) every 3.33 minutes. The flux calibrator used was 3C286 (1331+305) which was observed for 3.33 minutes of integration time at the end of each observation (see Table 1 for more information).
Radio Analysis Method
Image Reduction
We reduced both the 1991 and 2008/09 VLA archive radio data using the Astronomical Image Processing Software (AIPS) following the same method that we used for the 2000/01 data in Paper I. In summary, our maps were made using the imagr cleaning task within AIPS, we set clean fields around two fainter neighbouring sources, one approximately 5.5 arcmin to the NE and the other approximately 3.5 arcmins to the South. We standardised on 10,000 iterations of cleaning and no weighting was applied to any of the three datasets i.e. we did not restrict the uvrange and we used a robust parameter= 0 to produce all the images across the 1991, 2000/01 and 2008/09 datasets. No self calibration was applied to any of the images because the source was too faint. We used the task jmfit to determine the flux density values of the core. K11 use a slightly different reduction method, they use the Common Astronomy Software Application (CASA) package to reduce their images from 2008/09. They used the clean algorithm to create their images using a threshold of 0.1 mJy, a Briggs weighting and a robust parameter= 0.5. Like us, K11 do not perform any self calibration and they use a flux density calculation task which is equivalent to jmfit which is called imfit within CASA.
Measuring Core Flux Density
The only part of NGC 4051 which can possibly vary on the few months/year timescales is the very innermost, unresolved, core and it is that which we are studying here. In order to restrict our radio flux measurement to this core we restrict the box size within which we measure flux so that it only encloses the core.
We therefore used the task cowindow within aips which allows the user to specify a box size. We used the same box size for each image in the same array configuration. The box size for each array configuration was chosen to just encompass the synthesised beam for that configuration.We use the task jmfit to measure accurately the peak Figure 1 , the extended structure is clearly visible to the South-East of the core. Note that the box size used to measure flux in this image, 2.55 ′′ × 1.69 ′′ when centred on the core includes all of the core flux while having only a small flux contribution from the extended structure.
The larger synthesised beams from the more compact array configurations will, of course, include a larger contribution from extended emission than in the more extended A configuration. We take account of these differences using our 'offset' method, which we discuss in Section 2.2.4. K11 used the CASA task imfit to fit a Gaussian to the flux within a box of size 8 ′′ × 6 ′′ which they keep constant for all 6 images from 4 different array configurations. They chose this box size as they believe it will lead to 'inclusion of all structures present in the images', i.e. inclusion of all radio emission from NGC 4051. However, our extensive imaging (e.g. Paper I, Jones et al. (2011) and ) shows that there is extended emission on scales up to 20
′′ and that even if we select a constant box size, both the core and the integral flux densities of any Gaussian fitted to the peak flux density within that box will vary with array configuration as different amounts of extended emission are included within the 'unresolved' core.
Peak Flux Density vs Integral Flux Density
In Paper I we showed that the peak flux density (offset to the equivalent peak flux density that would have been obtained in A-configuration observations) did not vary significantly during a 16 month period in 2000/2001. However the integral flux density of a Gaussian fitted to the central source increased as the synthesised beam increased. The peak flux density therefore appears to be a better indicator of the radio luminosity of the central engine.
As another test of whether the peak or total flux density is the best measurement of central core luminosity we compare, in Figure 4 , our measurements of the peak and integral flux densities to those presented in K11. Although we use different box sizes, we agree on the peak flux densities. Thus the peak provides a reasonably robust measurement.
However, we do not agree on the integral flux densities. Our integral flux densities increase in a predictable way as the synthesised beam increases. For K11 the A-configuration integral flux density is lowest, B is highest, and C is a little lower than B. In A-configuration K11 resolve NGC 4051 into three components, as seen previously, but do not resolve it in any other configuration. Based on their statement that they use a constant box size within which to measure the flux density, we assume that the integral flux density which they state is the sum of the fluxes of all Gaussian components within that box. The integral flux density for A configuration is, however, noticeably lower than that in any other configuration so K11 wonder whether some extended emission may indeed be resolved out. However K11 find a lower integral flux in their C configuration observations than in Bconfiguration and so claim a real intrinsic decrease in core luminosity. We suggest an alternative explanation related to the relative size of the synthesised beam and the box within which one fits Gaussians to the peak.
To investigate the relevance of chosen box size we took the same 8 ′′ × 6 ′′ box size as K11, then for the first C configuration observation we measure an almost identical peak flux density (1.96 ± 0.10 mJy c.f. 2.22 ± 0.08 mJy for K11). Our total/integral flux density is similar (4.30 ± 0.23mJy) though not identical (4.97 ± 0.17mJy for K11). If we halve the box size in each dimension, the peak flux density does not change but the integral drops by roughly 20% to 3.4 mJy. 8, 4, 5.6, 8, 11, 16, 23, 32, 45, 64, 90, 127, 180, 250. If we double the box size in each dimension, again the peak flux density we measure is similar to K11 (1.91 ± 0.02mJy) but the integral flux is about 11% lower than the K11 integral flux density (4.44±0.07mJy). The reason for the drop in integral flux for the smaller box is that jmfit fits a narrower Gaussian when the box is smaller. However, in B-configuration the K11 box size is significantly larger than the beam and so the Gaussian fit is not restricted and flux is not lost. This effect may make a small difference to the measured total flux density. We also note that when using the same box size as K11, we agree exactly on the peak flux density for their B-configuration observations (1.17 ± 0.06 mJy vs 1.13 ± 0.04 mJy by K11). However we measure 1.89 ± 0.11 mJy for the integral/total flux density compared to 5.99 ± 0.20mJy by K11. In both cases, we let the Gaussians find their own width within the 8 ′′ × 6 ′′ box.
We conclude that comparison of measurements of integral flux density between different array configurations, for an unresolved source in the presence of surrounding extended emission, is prone to a number of uncertainties which make any measurement of variability problematic. However the peak flux density is a more robust estimator which will be agreed upon by all observers. As long as the different contributions of extended emission in different array configurations is understood, the peak flux density provides the best measurement of core luminosity. Below, following Paper I, we repeat briefly the 'offset' method by which we take account of extended emission. The unsmoothed 'observed' RXTE lightcurve. All the X-ray data was integrated over 2 − 10 keV with units of 10 −11 erg cm −2 s −1 . All radio flux density measurements are in units of mJy. The long term variability of NGC 4051 detected by Chandra is consistent with the RXTE flux measurements from the same time period. The Spearman rank coefficient for the two X-ray lightcurves is 0.78, suggesting a high correlation between the two X-ray lightcurves on long timescales.
The 'Offset' Method
Our extensive imaging over all array configurations (see particularly Chapter 4 of Jones (2012)) shows structure over a wide range of scale sizes. Changing array configuration changes the resolution and the amount of extended emission within a synthesised beam and thus alters both the peak and integral flux density associated with the central source.
In the offset method, described originally in Paper I but summarised here for convenience, we take for example, an A-configuration observation and measure both the peak and integral flux density associated with the central source. We then limit the the uvrange in aips so that the maximum UV limit, and resultant synthesised beam, is the same as in B-configuration. We then again measure the peak and integral flux densities associated with central source, which are both larger than in the A-configuration. We then calculate the difference, or offset, between the peak and integral flux densities as measured in both configurations. In the above case we would measure a B to A offset, but the same procedure is carried out for all arrays. Previously we have show that the peak flux density provides a more accurate measurement of the true intrinsic source luminosity than integral flux density so, from hereon, we only consider the peak flux density offset values. As there is more than one observation in any one configuration we can measure the average offset and then from the spread, derive an error in the offset. For the 2000/01 dataset (presented in Paper I) this resulted in a offset for A to B configuration equivalent to 0.32 ± 0.07 mJy. When offsetting over more than one configuration e.g. from C to B and then B to A configuration, we combined the offsets linearly and the errors in quadrature.
To check the accuracy of the offset method we made a model of NGC 4051 by combining 28 clean components from a combined A, B, C and D dataset (see Sections 4 and 5 of Paper I). We created 22 UV datasets from the residual maps from the real data, and the 28 clean components. We then performed the 'offset method' on this 'non varying' model data in exactly the same way as we had done for the real dataset. The resultant peak flux densities, offset to the A-configuration, should be constant in all configurations. In Figure 11 of Paper I we show that the resultant integral flux densities from all configurations, offset to A configuration, are indeed constant to within an error ≈ 0.1mJy. For the integral flux densities the offset method works reasonably, but not as well as for the peak flux densities, showing again that the peak flux densities provide a more reliable and measurement of variation of core luminosity.
Long Term Radio Variability within A-configuration
In order to determine if there is any evidence for long term variability in the core of NGC 4051 we first examined the A configuration data as we consider this configuration to be the best representation of the core flux as it is least affected by contamination from extended emission. We analysed both the peak and integral flux density values measured during the A configuration between 1991 and 2008 and combined the results with our previous analysis of the 2000/01 A configuration observations. Figure 3 shows the variability of the nuclear core during A configuration only, at 8. the jmfit task, combined in quadrature with the 5% error usually assumed as the maximum likely uncertainty on the flux density calibration. We note that the peak flux density (particularly in the case of the default beam image) for the 2008 observation lies within the scatter of the values for the 2000/01 measurements. The corresponding values for the 1991 data lie a little below. We first fit a constant model to this data (with an intercept at the average flux density of 0.54 mJy). Taking the plotted errors at face value this model gives a reduced χ 2 = 3.09 for the fixed beam and a reduced χ 2 = 2.50 to the default beam. If we allow for a model with a constant linear trend over all data we find that the gradient of the line is (2.12 ± 1.00) × 10 −8 Jy/day with a reduced χ 2 = 2.15 for the fixed beam data and is (2.18 ± 0.78) × 10 −8 Jy/day with a reduced χ 2 = 1.35 for the default beam data. An F-test between the two models (constant and linear) has F = 4.49 with a P = 0.07 for the fixed beam data and F = 7.81 with a P = 0.03 for the default beam. This probability test indicates that the linear model, ie a very slight increase in flux density with time, is a better fit to the data than a constant model. However for both the default and fixed beams the P-value is very close to 0.05, so the linear model is only marginally better, and the data can still be considered to be consistent with a constant i.e. no variability.
It is worth noting here that any variability, if present, is likely to be more complex than a linear model so the above treatment is very simplistic. Also, even after combining the jmfit statistical error in quadrature with the standard 5% error it is likely that we still underestimate the total error. For example, these errors do not include any error associated with phase or amplitude calibration errors or side lobes from other sources which may not have been perfectly removed. The true total error is therefore hard to quantify but, in Paper I, we concluded that the actual error could be up to 30% larger than the errors quoted previously. With these larger errors it is even more likely that the core flux density of NGC 4051 as measured within the A configuration is a constant, but, a slow increasing trend cannot be completely ruled out.
LONG TERM RADIO VARIABILITY OVER ALL ARRAY CONFIGURATIONS
The main focus of the following sections is to offset the six 2008/09 radio flux values originally presented in K11 to an A configuration flux value so that they can be combined with our previous analysis of the 1991 and 2000/01 datasets. This combined lightcurve provides a comprehensive long term study of the core radio flux density of the AGN NGC 4051.
Re-investigation of the 2008/09 radio data originally presented in K11
Here we compare our peak and integral radio flux density measurements (from our reduction of the 2008/09 data set) to that of K11. Figure 4 shows the peak and integral flux densities from our reduction on the left and the measurements of K11 in the middle panel. We then plot our peak flux versus the K11 peak measurements, and our integral flux versus K11 integral flux in the right hand panels. All values presented in this figure are the 'raw' values, i.e. without any offset correction and are made from maps with a default restoring beam. K11 measure the total flux density within a 8 ′′ × 6 ′′ box for all configurations. For reason stated previously in this work we used a different box sizes for each configuration, 1 ′′ × 1 ′′ , 2.55 ′′ × 1.69 ′′ and 8.4 ′′ × 8.4 ′′ for A, B and C configurations respectively.
The resultant peak and integral flux densities from both our work and that of K11 are shown, together with a comparison between the values derived from the two methods. The peak flux densities agree quite well (see bottom right box). However, the integral flux density values from the two studies are very different. It is very difficult to disentangle the reasons why our integrated fluxes are so different, and neither method for deriving integral flux densities is perfect, but based on points made previously in Section 2.2.2 I suspect that K11 measured consistently higher integrated flux values due to the box size used. and all images are made with a default restoring beam. For more details on which VLA configurations the data were in before the offset was applied see Table 1 . The peak flux density is consistent with being constant i.e the majority of peak flux density values represent a factor of 0.5 variability (which represents ≈ 0.5 mJy change in flux.)
1991. Note where the data is already in A configuration we did not apply the 'offset method'. In Figure 5 we show the 8. From visual inspection of Figure 5 the apparent variation seen in the 2008/09 data is within the scatter of the 2000/01 data, suggesting that the conclusions made in Paper I are still valid for this work, where we use a larger dataset over a longer time period. The peak flux density values presented in this figure are consistent with being constant given that the majority of peak flux density values represent a factor of 0.5 variability and it is likely that we have underestimated the errors. The majority of the peak variability data is represented by a ≈ 0.5 mJy change in flux.
THE X-RAY/RADIO RELATIONSHIP
In the previous sections we have shown that there is no convincing evidence for any variability in the radio flux density for the core of NGC 4051. If the flux density is, in fact, con- stant then, given the large amplitude X-ray variability, we would have to conclude that there is no relationship between the X-ray and radio luminosities in NGC 4051. However, the uncertainties in the radio flux densities are sufficiently large so that we cannot rule out a small amount of radio variability. In this section, therefore, we look at the problem from a different angle. We take the measured radio flux densities at face value and compare them with X-ray fluxes taken at very close to the same time as the radio observations. We then search for correlations between the two fluxes.
Firstly we consider the 'real' A configuration data (from 2000 to 2008) and compare with simultaneous X-ray observations. Next we comment on the findings of K11 for the 2008/09 dataset. Finally we examine all the radio data (from 2000 to 2009), which we offset to A configuration in Section 3.2 and compare this with simultaneous X-ray data.
The X-ray data we use in this section consists of RXTE data and Chandra data. The RXTE data is from our long term monitoring programme, and we also review the Chandra observations presented by K11 from 2008/09.
For the 2008/09 epoch X-ray lightcurves are available from both the RXTE and Chandra observatories (spanning from the 31st December 2008 (JD 245 4831.3) to 31st July 2009 (JD 245 5043.1)). Both the smoothed and unsmoothed RXTE data and Chandra data as presented in K11 are shown in Figure 2 . The Chandra X-ray lightcurve is shown in the second panel down and the observed RXTE X-ray light curve is shown in the final, sixth panel. The RXTE data has a ≈ 2 day sampling, compared with the Chandra data which is only sampled every ≈ 24 days.
In both the Chandra and RXTE X-ray lightcurves the flux drops at about JD 245 4900 before beginning to rise again around JD 245 5000. However, for the duration of the lightcurves shown in Figure 2 the RXTE flux changes by a factor of 19.6 compared to a change by a factor of only 2.9 during the Chandra observations. Given the greater sampling of the RXTE data we give more weight to conclusions made using these data. It is impossible to detect the short time scale variations from the Chandra dataset because only six data points exist and these are separated by a range of 17 − 45 days. Therefore, we suggest that only long timescale variations can be measured using the Chandra lightcurve.
Visual inspection of all of lightcurves presented in Figure 2 reveal no obvious correlation between the X-ray and radio. To produce a quasi-simultaneous dataset of X-ray and radio data (as in Paper I for 2000/01 data) we linearly interpolated the observed (unsmoothed) RXTE X-ray lightcurve to the exact dates of the 6 VLA 2008/09 observations at 8.4 GHz (see Table 2 ). Due to the ≈ 2 day sampling of the RXTE light curve interpolating between points results in a fairly accurate representation of the 'real' X-ray flux at the time of interpolation, also the interpolated RXTE measurements are within the errors of the nearest observed flux values. In this work, we do not attempt to interpolate the Chandra data (reduced in K11) to the nearest radio dates because the separation in time between the 8.4 GHz radio and X-ray Chandra dates varies from 0.11-6.39 days (see Table 2 ). If we were to linearly interpolate the Chandra data we would have to assume that the flux does not vary on short timescales and that it follows a simple straight line trend. However, this is not the case given the short timescale variability we observed in the RXTE lightcurve for the same epoch (sixth panel in Figure 2 ). Note that the long term variability of the observed RXTE fluxes is consistent with the observed Chandra fluxes, we calculate a Spearman rank coefficient for the two X-ray lightcurves at 0.78, suggesting a high correlation between the two X-ray lightcurves on long timescales.
The ≈ 2 day sampling of the RXTE data is ideal for assessing the variability of the X-ray flux density in the nuclear region of NGC 4051. However, we have shown that measuring the radio variability of the core accurately is much more challenging due to contamination from extended emission. It is important to mention here that the small number of radio data points (in comparison to the X-ray data points) and the poor time sampling of the radio lightcurves both greatly effect the conclusions made from the following analysis of a possible radio/X-ray correlation in NGC 4051. In the following sections we are discussing the peak flux density values from our own reduction of the 2000/01 and 2008/09 8.4 GHz unless otherwise stated.
4.1
The relationship between RXTE X-ray data and the 'real' A configuration radio data from
2000-2008
As a first step in our investigation of a possible radio/X-ray correlation we used only A configuration radio data as we consider this to be the most free of systematic biases. Of the 6 data points at 8.4 GHz from 2008/09 only one A configuration point exists, from 2008. In order to investigate the long term correlation between the X-ray and radio emission observed during A configuration we therefore plot the peak flux density at 8.4 GHz data for both 2000/01 and 2008/09 data sets against the interpolated unsmoothed RXTE flux.
Note that the 1991 radio data was taken before the launch of RXTE so we have no X-ray data for this epoch.
In Figure 6 the radio/X-ray relationship for the period of the 2000 to 2008 data is shown. In this figure the red solid squares show the 2000/01 data and the blue open triangle is the single A configuration 2008 data point. Visual inspection of these seven points suggests a very weak positive radio/Xray correlation between the observed flux values during A configuration. This weak positive correlation has a Spearman rank coefficient ρ = 0.68 which for 7 data points is equivalent to a 1.7σ detection. The least squares fit to this data has a gradient of ≈ 0.01 with a reduced χ 2 = 0.9 calculated from 5 degrees of freedom, which is consistent with being constant.
To investigate the weak correlation observed in Figure 6 we plot the relationship in logarithmic space in order to compare with the logarithmic relationship presented by other studies into the radio/X-ray correlation which exists for hard state objects e.g. Corbel et al. (2003) , Gallo et al. (2003) , Gallo et al. (2006) and in work by K11. In these studies of 'hard state' objects (typically XRBs) the radio variability is generally described by LR ∝ L β X where β ≈ 0.7. In Figure 7 the logarithmic relationship between peak radio flux density (from the 'real' A configuration points) and the interpolated unsmoothed X-ray luminosity at 2-10 keV is shown for NGC 4051. Data from the 2000/01 and 2008/09 datasets is fit with a least squares relationship to determine a value for the gradient, β and a reduced χ 2 value. The six points from the 2000/01 epoch are shown as solid red squares and fit with a linear trend where β = 0.08± 0.03 (red dotted line) with and a reduced χ 2 = 0.65. The single A configuration point from 2008 is shown as a blue open triangle. The black solid line fits all 7 A configuration points and gives a least squares fit of β = 0.05 ± 0.03 again with a low reduced χ 2 = 0.87 calculated from 5 degrees of freedom (dof). So, even with this extra data point from 2008, we still find a very weak positive correlation between the radio and X-ray luminosities, with a maximum β ≈ 0.08, this is a factor of 8 shallower in logarithmic space than the β ≈ 0.7 correlation which exists for hard state objects. If we fit a constant (β = 0) to all 7 data points at the mean value of Log(LR) = 36.11 then the reduced χ 2 = 1.21. Given that the reduced χ 2 = 0.87 for the linear fit is closer to 1 we can say that the weakly positive trend is more likely than a constant model, but the difference is only marginal. 4.2 The relationship between RXTE X-ray data and ALL our radio observations (offset to A configuration) from 2000 to 2009
Next we investigated the possible weak positive correlation between the unsmoothed interpolated RXTE data and the peak 8.4 GHz 'offset' lightcurve that spans from 2000 to 2009 (shown previously in Figure 5 ). If we again assume a simple linear trend relationship we measure a gradient=0.018 ± 0.008 with a reduced χ 2 = 8.8. All of the 2008/09 data values lie within the scatter of the more numerous 2000/01 data suggesting that a similar relationship between radio and X-ray emission exists at both epochs. The Spearman rank correlation co-efficient=0.22 which represents a 1.3σ detection.The fact that the Spearman rank value (< 1) sug- gests that there is a lot of scatter in these data. This may be due to a weak correlation, but it could also be due to measurement errors that are large relative to the variations, or due to additional correlations with other parameters. It is also worth noting here that one of the RXTE flux values observed in the 2008/09 epoch has an interpolated flux value which is a factor of ≈ 1.2 higher than any of the RXTE values observed during the 2000/01 epoch. Similarly for the radio fluxes, one of the data points in the 2000/01 dataset has a value ≈ 1.5 mJy, a factor of 2 higher than the mean radio flux (for the whole dataset) at ≈ 0.7 mJy. These out lying points suggest 'flare' events may have occurred at these times. In Figure 8 we plot these data in logarithmic space to compare with past radio/X-ray correlation studies and calculate a β value for this work. The figure shows the logarithmic relationship between the well sampled RXTE unsmoothed interpolated 2-10 keV data and the peak 8.4 GHz radio data, offset to A configuration.
The 2000/01 radio dataset, presented previously in Paper I, is shown as the red closed squares where the dashed red line shows the least squares fit to the 2000/01 data only with β = 0.12 ± 0.02 with reduced χ 2 = 5.8. The data from 2008/09 is shown as blue open triangles and the solid black line which is a fit to all the data has a value of β = 0.08±0.02 with reduced χ 2 = 9.7. The large reduced χ 2 for both of these β values shows that all fits are of poor quality. We suggest one reason for the poor quality of these fits is that the original errors, prior to offsetting to the A configuration, were likely an underestimation due to the fact that even in A configuration the core flux values are effected by extended features which are not resolved from the core. The extended emission itself is not varying, however, the variation to the core flux can vary between individual maps. If we assume these larger errors in radio flux then the quality of the fit (quantified by a reduced χ 2 ) might improve. However, given that β ≈ 0.08 for the fit to the whole dataset we conclude that a weak positive correlation is more likely. If we assume that NGC 4051 has a jet then this measurement is much lower than the value for similar, hard state XRBs, where β ≈ 0.7. Our findings might suggest that parts of the radio emission from NGC 4051 are constant (not strongly varying) and are diluting the overall relationship.
4.3 The distinct X-ray/radio relationship found by K11 for the 2008/09 epoch
The lightcurves presented by K11 consist of eight Chandra X-ray observations and six VLA radio observations taken over a seven month period. Measurements in the X-ray and radio bands were carried out every two to four weeks (see Table 2 for observational details). Note that both the integral flux and peak flux density values are presented in work by K11, but only the integral flux value is used in their comparison with the X-ray lightcurve to measure any possible X-ray/radio correlation. The top two panels in Figure ? ? show the lightcurves we made from the X-ray and radio data presented in Table 2 and 3 of K11. Note that K11 do not use the second and fourth data points from the Chandra Xray observations in their analysis because no 'simultaneous' radio data existed for these X-ray points. Their final X-ray lightcurve shows variability by a factor of 3 and they calculate β = −0.72 ± 0.04 for the LR ∝ L β X relationship. They also produce a second fit which excludes the only A configuration point, this fit is described by a weaker negative correlation with β = −0.12 ± 0.05. The reason given by K11 for excluding the A configuration data point is that 'this extended configuration has resolved out a substantial amount of flux in this high resolution image, which makes the flux value for this point inaccurately low'. However, in this work, we believe that the A configuration data is the most accurate representation of the core flux for a point source therefore it should not be excluded.
In order to investigate if there is a time delay between the radio and X-ray emission K11 calculate the discrete cross correlation function (DCCF) for their radio and X-ray dataset (see Figure 9 in K11). After linearly interpolating the data every 17 days (which corresponded to the shortest time between two of the Chandra X-ray observations) they calculate a DCCF with a minimum of −0.48 ± 0.1 at a time lag of −2.5 ± 5.3 days, which they suggest indicates that X-ray dips are leading radio flares. Their predicted time lag value at −2.5 days at ≈ 0.5σ is much less than their bin size of 17 days. Therefore, we suggest that their DCCF actually shows that X-ray and radio emission are constant in time and there is no lag detected.
SUMMARY AND CONCLUSIONS
In Paper I we found, from 29 VLA observations taken over a 16 month period in 2000/2001, that there was no evidence for believable radio (8.4 GHz) variability in NGC 4051 and hence no evidence of a radio/X-ray correlation. Subsequently K11, from 6 VLA radio observations in 2008/2009, claimed a 'distinctive' anti-correlation between the radio and X-ray luminosities. In this paper we have systematically reanalysed all of the VLA 8.4 GHz radio observations, including those from Paper I, those presented in K11 and additional archival observations from 1991. We have used our 'offset method' to offset each observation to equivalent A-configuration observations. Following systematic analysis of this larger dataset we still find no evidence for believable core radio variability from 1991 to 2009. For the 2000/2001 and 2008/2009 observation epochs where we have high quality RXTE X-ray observations, we find β = 0.05 ± 0.03, and hence no evidence for the 'distinctive' anti-correlation, relationship proposed in K11 between the radio and X-ray fluxes.
One obvious explanation of the lack of detectable radio variability is that the large majority of the core radio emission does not come from the compact jet but comes either fro[e.g.][]m relic radio emission from a previously active core, from a wind or corona or from a starburst region. However jet-like structures are clearly seen, on scales of tens of pcs, in VLBI imaging (Giroletti & Panessa 2009 ) with a size less than a few pc. Although larger scale emission, which would not be resolved in VLA A configuration observations, would not be able to vary on timescales less than tens of years (1 ′′ corresponds to a light crossing timescale of about 240 years at the 15.2 Mpc distance of NGC 4051 (Russell 2003) ), the light crossing time across the unresolved VLBI core (Giroletti & Panessa 2009 ) is only a few months. Considering the evidence for jet emission in radio imaging of NGC 4051, the lack of large amplitude radio variability is at first sight somewhat puzzling given that jet-dominated quasars vary by far greater amounts (e.g. factor of 5 variability seen in 4C 29.45 (Hovatta et al. 2008) ).
One possibility is that the lack of variability may be an orientation effect if we are viewing the jet side on. Another possibility is that there is real radio variability, but the variable component is swamped by unresolved constant emission from larger scale regions and so is not detectable. For example, we find from Figure 2 that the X-rays vary by a factor of 10, while the variability in the radio flux density is about 0.1 mJy at 8.4 GHz (equivalent to a factor of 0.3 variability). In order to have a radio/X-ray relation following a power law with an index of 0.7, we need to have an 8.4 GHz radio flux density that ranges from about 0.02 to 0.12. The core VLBI flux density from Giroletti & Panessa (2009) is 0.24 mJy at 1.65 GHz. If the spectrum is optically thin in the few GHz range, or there is still some extended, non-variable emission contributing at 8.4 GHz, then this flux density may be consistent with the upper end of the radio flux density range needed to fit this source onto a standard (i.e. β = 0.7) radio/X-ray correlation.
Another possibility is that NGC 4051 does not have a jet, and its lack of radio variability is explained by radio emission originating in the corona rather than in the jet, see Section 6.2 of Jones et al. (2011) . However, this possibility cannot explain the collimated jet structure which is detected in Giroletti & Panessa (2009) , chapter 4 of and M c Hardy et al. (2004) . Another factor which may hinder the discovery of the real radio/X-ray relationship in NGC 4051 is the rapid Xray variability and lack of simultaneous X-ray and radio observations. In a similar study by Bell et al. (2011) on the LINER NGC 7213, which has a black hole 40 times heavier than that in NGC 4051, the X-ray emission leads the 8.4 GHz radio emission by 24 ± 12 days. If the relationship between the X-ray and radio emission in NGC 4051 follows a similar pattern to that in NGC 7213 (which, of course, is unknown at present), then scaling by mass we would expect an X-ray/radio lag of roughly 0.5 days in NGC 4051. However the X-ray emission from NGC 4051 varies by factors > 2 on timescales of a few thousand seconds e.g. McHardy et al. (2004) ; Breedt et al. (2010) ; Jones et al. (2011); Vaughan et al. (2011) . Thus lack of simultaneity between radio and X-ray observations would introduce substantial noise source into their correlation and the time separation between the measurements of the X-ray and radio from the core should not be separated by timescales of 2-6 days, which is the case for the K11 Chandra/8.4 GHz data.
We conclude that there is no evidence within current VLA observations for radio core variability in NGC 4051, but radio variability may well be occurring on sub-pc scales which is diluted by extended constant emission which is not resolved by the VLA. It would, however, be possible to detect such variability with VLBI observations. Hence a relatively intensive VLBI and X-ray monitoring campaign could determine whether NGC 4051, and by extension other Seyfert galaxies, do contain synchrotron emitting jets similar to those found in hard state X-ray binaries or whether their radio emission is not jet-related.
